Abstract. We combine a simple quasi-geostrophic flow model with the ZabuskyMcWilliams theory of atmospheric vortex dynamics to address a hurricanetracking problem of interest to the insurance industry. This enables us to make predictions about the "follow-my-leader" phenomenon.
1. Introduction.
1.1.
Insurance industry motivation for the "follow-my-leader" problem. The 2005 Atlantic hurricane season is famous as the most active and expensive Atlantic hurricane season since records began. In addition to thousands of deaths, damage to property and infrastructure was estimated to have amounted to 130 billion USD. The Mexican states of Quintana Roo and Yucatán and the U.S. states of Florida and Louisiana were each struck twice by large hurricanes. These included Katrina, the most expensive natural disaster in the history of the United States. The insurance industry is naturally interested in the question of whether this is mere coincidence or whether there are correlations between the tracks of intense hurricanes. Risk estimation models used in the industry often treat the probability of hurricanes making landfall in a particular area as independent Poisson processes characterised by their historical mean. The possibility of even weak correlations, particularly between large storms, may be an important source of systematic error in these models.
This question was posed by Lloyds and explored during the 73rd European Study Group with Industry which took place at Warwick in April 2010 [5] . Statistical analysis of the historical data was done which did not prove conclusive. In tandem with this statistical analysis a more basic fluid dynamics question was studied: how do the pairs of vortices embedded in a larger scale "steering flow" influence each other when their separations are large?
Our work will build on the basic theories of oceanic-scale atmospheric flows described in [3, 7] and the theories of hurricane dynamics proposed in [1, 2, 8] . We will rely heavily on the atmospheric vortex dynamics model proposed in [9] and the observational studies reported in [4] .
1.2.
Inviscid vortex dynamics in 2-D: summary of the results of the Study Group. The most elementary theory of 2-D vortex dynamics concerns the flow that results when vortices of strengths Γ i at x i (t) = (x i (t), y i (t)), i = 1 . . . n, move in a background potential flow,
where ψ 0 (x, y, t) is a prescribed streamfunction. The theory asserts that the streamfunction is
where
, and that the (x i (t), y i (t)) evolve according to the Hamiltonian system:
Eq. (1) ensures that the flow is potential flow away from the vortices and Eq. (2) is the Helmholtz condition that each vortex moves with the velocity that would have existed in its absence. This condition can be justified by smearing the vorticity into small patches (see [8] for the use of this idea to model hurricanes) around (x i , y i ) and considering the momentum balance for these patches, which reveals that no relative velocity can exist between the patch and its ambient free stream. A very crude model for the "follow-my-leader" problem is to consider the motion of two equal vortices placed in a steering flow comprising of a uniform potential flow impinging upon a solid wall (see Fig. 1(A) ). The flow in the upper right quadrant may be thought of as representing the Atlantic anticyclone and the wall as representing a blocking pattern in the Gulf of Mexico. We took
The streamlines of the large scale steering flow are plotted in Fig. 1 . The only interesting feature is that the flow has a hyperbolic point at (0, 0). With Γ = 0 the point vortices simply follow the streamlines shown in Fig. 1(A) . We performed a number of numerical experiments to show how Γ = 0 affects this passive advection of vortices. Fig. 1(B) shows the tracks of two equal vortices having Γ = 1 which start from the same point as in Fig. 1(A) , (this was (4.00, 0.01) in the figure) but separated by a delay in time. The lead vortex follows the same path until the second vortex is introduced. The lead vortex then undergoes a deflection which, because it occurs when the lead vortex is near to the stagnation point, subsequently results in a completely different southwards trajectory to the northwards trajectory it would have followed in the absence of the second vortex. Note that the second vortex also experiences a deflection but still follows roughly the same path. Of course this large deviation in the trajectory of the first vortex does not occur for all configurations of the two vortices. The conclusion to be drawn from this simple model is, as one might expect, that the question of whether vortices follow each other is not straightforward even in this simplest case. Trajectories which come close to stagnation points of the steering flow are very difficult to predict.
Rotational background flow.
A serious complication arises when we try to generalise the above approach to rotational steering flows, U 0 = (U 0 , V 0 ) where ∇ · U 0 = 0 and (U · ∇) U = −∇p in dimensionless variables. Now U 0 is derived from a streamfunction that satisfies
where J [f, g] is the Jacobian operator,
Considering just one moving vortex for simplicity, it is now easy to see that if we suppose that
Hence when we collect terms in the vorticity equation,
we find that the coefficients of
∂x respectively, in accordance with the Helmholtz condition, Eq. (2). However there are also terms like
which vanish and then terms like
which only vanish in a potential flow. What has happened is that the introduction of the vortex has interfered with the global distribution of vorticity meaning that we have to solve the full vortical Euler equation, Eq. (6) everywhere. Since almost no steering flow for hurricane tracks can be approximated by a potential flow, this means that the results of point vortex models such as that presented above have very limited usefulness unless the generation of background vorticity caused by the introduction of the point vortex is small in some sense. This may be the case if the strengths of the moving vortices are weak so that Γ 4 π in Eq. (5) can be replaced by a small parameter, . If we try the ansatz,
where ψ 1 is non-singular at (x 0 , y 0 ), then we find that we can make the terms of O( ) in Eq. (6) if ψ 1 satisfies:
so that the size of the perturbation can, in principle, be obtained by solving a linear equation.
The feedback from the vortex dynamics to the steering flow is even more dramatic when a vortex of strength Γ is introduced at the origin into a weak steering flow with streamfunction ψ 0 (x, y). Then a simple perturbation argument shows that the streamfunction, ψ(, x, y, t) evolves according to
on a timescale which is short compared to that of the vortex motion. Hence the vorticity in the steering flow has to be rearranged before the vortex trajectory can be computed.
This discussion illustrates one of the main difficulties of building a more realistic model of the steering of hurricanes by large scale atmospheric motions since such a model must necessarily incorporate the rotation of the Earth and the background vorticity which it induces. The problems associated with the incorporation of the Earth's rotation can be partially addressed using a model originally devised by Zabusky and McWilliams [9] although we note that we are still required to assume that the production of background vorticity remains small. We discuss this model in the next section.
2. Zabusky-McWilliams model of point vortices on the β-plane.
The Charney equation.
The atmosphere is, to leading order, in geostrophic balance. That is to say, the largest terms in the equations of motion which approximately balance each other, are the horizontal pressure gradient and the coriolis force induced by the Earth's rotation (see [7] for a full discussion). Any reduced model of atmospheric dynamics must take rotation into account if it is to have any chance of being applicable. The most basic pde model of the quasi-two-dimensional dynamics characteristic of large scale atmospheric motion are the so-called quasi-geostrophic equations (again discussed in great detail in [7] ), which, in the simplest case of pure barotropic motion can be reduced to the Charney equation [3] for a single scalar streamfunction, Ψ(x, t), of a two-dimensional spatial coordinate, x = (x, y) and time, t. Written on the so-called β-plane, where x denotes the longitudinal direction and y denotes the latitudinal direction, the Charney equation is written
where γ is the inverse of the Rossby deformation length, ρ R , and β is the rate of variation of the Coriolis parameter with latitude. The geostrophic velocity is obtained from the streamfunction by taking the curl of φẑ:
The Charney equation only differs from the two-dimensional Euler equations by the addition of the two linear terms. The physics is somewhat different however. In particular, in addition to playing the role of the streamfunction for the geostrophic velocity, Ψ has a direct physical meaning. Because the atmosphere is assumed to be shallow, it is proportional to the hydrostatic pressure and, equivalently, to the deviation of the depth of the atmosphere from its equilibrium depth. Some simple manipulations allow it to be written as a Lagrangian conservation law:
The quantity, Q, which is conserved along fluid trajectories is called the potential vorticity. The β and γ 2 terms add two important ingredients to the basic dynamics described by the Euler equations. The β in the potential vorticity, means that the intrinsic vorticity of a fluid parcel changes when it moves in the y (latitudinal) direction. This can be shown to produce a restoring force on fluid displacements in the latitudinal direction which introduces waves into the model. These waves, known as Rossby waves are an important feature of large scale atmospheric motions. The γ 2 term introduces a potential energy penalty for the generation of large values of Ψ or, equivalently, for large deviations of the atmospheric thickness from its equilibrium depth. This term sets the observed characteristic scale for large scale motions in the atmosphere.
2.2.
and discretise it on a set of N time-dependent vortices, {x i (t) = (x i (t), y i (t)), i = 1, . . . , N }, as one would do for the Euler case:
As discussed in section 1, the points x i move with the fluid motion:
The important difference, however, is that the vorticity is not conserved along fluid trajectories on the β-plane. Rather the potential vorticity is conserved as in Eq. (10):
is the potential vorticity of vortex i at t = 0, which reveals the dependence of the vortex strength on position. The streamfunction is obtained from the potential vorticity by inverting the modified Helmholtz operator in Eq. (11) and using Eq. (12) and Eq. (14):
where K 0 (z) is the Bessel function of the second kind of order zero. Eq. (15) and Eq. (13) now yield closed equations for the time evolution of the vortex centres. The conservation of potential vorticity enormously changes the dynamics compared to the case of Euler point vortices [1, 8] , leading to quite complicated trajectories even in the case of equal strength vortices.
Zabusky-McWilliams model with a background flow.
We now discuss one way of adding a background flow, Ψ 0 (x), to the Zabusky-McWilliams model. We represent the contribution from a discrete set of point vortices by ψ(x, t), so that:
Likewise the potential vorticity can be decomposed into an ambient part, Q 0 (x), and a discrete part, q(x, t):
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Noting that for atmospheric flows, the total potential vorticity, Q(x, t), should be conserved following each vortex:
Integrating this equation over the interior of an infinitessimal contour enclosing x i we obtain
where A is the area enclosed by the infinitessimal contour. From this, we obtain an approximate evolution equation for the vortex intensities in the presence of the background flow:
In Sec. 1 we have noted the complication caused by the coupling between the vortex dynamics and the evolution of the vorticity in the steering flow. Here we will circumvent this difficulty by assuming that the circulations associated with the vortices are small compared to the circulation in the initial steering flow as in Eq. (7). Hence, to lowest order, the motion of the vortex centres are again obtained from Eq. (13):
.
It remains to express the discrete part of the streamfunction, ψ(x, t) in terms of the positions of the vortex centres. This is done, as before, from Eq. (19). We obtain
with κ i (t) given by Eq. (22). The equations of motion resulting from Eqs. (23) and (24) written out explicitly are:
where the κ i (t) are expressed in terms of the x i (t) through Eq. 
From this, is is clear that
yields a solution for any function F (Ψ). In this paper, we are mostly interested in the interaction between point vortices in the presence of a background flow rather than in the details of the background flow itself. For this reason, we consider here two specific forms of the background flow:
Uniform zonal current
This corresponds to a background flow consisting of a uniform westerly flow. Streamlines are straight lines. The corresponding streamfunction is
Inertial boundary current
An inertial boundary current [7] occurs when a uniform westerly flow from x = ∞ encounters a straight north-south boundary at x = 0. It is the analogue for Eq. (8) of the well-known potential solution of the two dimensional Euler equation describing a uniform flow impinging upon a flat plate. It has a stagnation point at the origin. The streamlines are exponential curves and the streamfunction is
3. Numerical results.
3.1. Nondimensional equations. Let us measure lenghts in units of the Rossby deformation length, 1/γ and velocities in terms of the characteristic velocity, U of the background flow. The natural unit of time is then (γ U ) −1 . Introducing dimensionless variables, x , t and Ψ defined by
the nondimensional version of Eq. (8) is (we immediately drop the primes):
is the dimensionless β-parameter. Table 1 . Physical values of parameters relevant to hurricane dynamics taken from [6] . Hurricane circulation has been estimated as Γ = 2 π R v based on hurricane force winds of velocity v = 33ms
extending to a distance R = 1.6 × 10 5 m. The vortex core area, A, is estimated based on the eye radius.
The dimensionless versions of Eqs. (25) and (26) are
Here the dimensionless circulations of the point vortices arē
withĀ a dimensionless area (which can be absorbed into the background flow) and κ i (0) is the dimensionless initial strength of vortex i:
Q 0 is obtained from Eq. (33) or Eq. (34):
The upshot of all of this is that the only control parameters in the problem are the initial intensities,κ i (0 Deflection after 11 days of a vortex moving in a background current caused by a second vortex originating at the same location a specified time later. Open circles correspond to a uniform backround current, solid circles to a separating background flow.
3.2. Deflection of one vortex by another with background current. Fig. 2 shows the results of a numerical experiment designed to quantify the effects of vortices on each other. The parameters used are as in Table 1 a chosen point in space and then inserted a second vortex at the same point after a given time delay of τ . We then compared the position of the first vortex at a later time, T = 11 days, with the position it would have been at had the second vortex not been inserted. The follow-my-leader effect can then be quantified by plotting this deflection of the first vortex from its unperturbed path as a function of the time delay between the vortices. Clearly, for large delays, the deflection should be smaller as the time delay increases. For the case of a uniform background flow, it decreases exponentially as the delay increases. We see that for a delay of 7 days, typical for Atlantic hurricanes, the deflection is about 10 km. Since this is less than the core radius of our vortices, below which our model cannot be considered meaningful, this means that there is effectively no interaction between the vortices for such separations. Of course, much stronger deflections of the order of hundreds of km can be observed for vortices separated by 2 days or less which is reflecting the well-known fact that vortices interact very strongly when they get close to each other.
For the separating background flow, the typical deflection is orders of magnitude larger even though all model parameters remain the same. The reason is clear from Fig. 3 which illustrate the tracks followed by the two vortices for different values of the delay. One sees that the second vortex can easily deflect the first one onto a track which subsequently diverges from the initial track due to the presence of the stagnation point in the flow. 4 . Conclusion. We have used a quasi-geostrophic model together with a physically plausible law of vortex dynamics to model hurricane tracks in the presence of an ocean-scale steering flow. Our model has enabled us to quantify the sensitivity of the "follow-my-leader" phenomenon to the presence of stagnation points in the steering flow. It would be of interest in the future to compare the predictions of our simulation with the probabilistic models that are used in risk estimation.
